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Abstract

In the early 1990s, the island of Santa Cruz off the coast of California experienced
a rapid decline of the canid Urocyon littoralis santacruzae. The reasons behind
this decline included disease, predation, competition with other species, and
genetic bottlenecking. We present an individual-based model that simulates the
population of Santa Cruz island foxes. Through our model we provide evidence
of the Allee effect in the Santa Cruz island fox population which is exacerbated
by selection for reduced reproductive probability.

Keywords: Santa Cruz island fox, agent-based model, Allee effect

1 Introduction

The California Channel Islands are home to many species, all which co-exist within the varied
vegetation present on these islands. One of these species is a small, territorial, monogamous
canid known as the island fox (Urocyon littoralis). The island fox is a derivative of the
mainland grey fox, capable of surviving and making their territories in any environment
present on the islands [8]. During mating season (late January to March), monogamous
mating pairs are formed between individuals in overlapping territories. These monogamous
pairings are maintained until one member of the pair dies. Once a female fox is impregnated,
her gestation period lasts for 50–53 days at which point she births between 1 and 3 pups.
These pups remain in their natal territory for the first year of their lives before searching
for their own mates and territories [9].

Six of the eight California Channel Islands support island fox populations (San Clemente,
San Nicolas, San Miguel, Santa Catalina, Santa Cruz, and Santa Rosa). In the early 1990s,
conservationists observed rapid population decline in all of the island fox populations [9].
The reasons for this rapid decline was predation by golden eagles (Aquila chrysaetos), com-
petition with island spotted skunks (Spilogale gracilis amphiala), introduction of canine
distemper virus and rabies for which the foxes had no natural immunity, and the potentially
decreasing genetic fitness of the population [9]. The specific reason for decline on each island
varied.

The island fox population on Santa Cruz (Urocyon littoralis santacruzae) experienced
population decline primarily due to predation by golden eagles (Aquila chrysaetos) [7, 9, 11,
19] though disease and resource competition with island spotted skunks (Spilogale gracilis
amphiala) may have also played a role [8, 14]. In 1994, the size of island fox population
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on Santa Cruz Island was estimated to be 1,465, but by 2003 that number had declined to
between 75 and 100 foxes [9].

There is also evidence of a demographic Allee effect in the island fox populations of
Santa Cruz, Santa Rosa, and San Miguel [2]. The Allee effect is seen in populations where a
decrease in fitness directly correlates to declining, low population densities [1, 6, 15]. There
are two different forms of the Allee effect, a component Allee effect and a demographic
Allee effect. A component Allee effect is a positive relationship between any component of
individual fitness and population size. Meanwhile, a demographic Allee effect occurs when
there is a positive relationship between any component of total (population) fitness and
population size. The demographic Allee effect can be observed as a reduction in the per
capita growth rate at low population sizes [15]. See Figure 1 for a graphical representation
of this.

Figure 1: The per capita growth rate of a population with respect to population density in four different
scenarios: (1) The population grows logisitically (black), (2) the population experiences a weak Allee effect
(green), (3) the population experiences a strong Allee effect but can achieve positive per capita growth rates
above a population density A (solid orange), and (4) the population experiences such a strong Allee effect
that it never attains positive per capita growth rates. Note K represents carrying capacity.

Most models which incorporate an Allee effect use discrete difference or differential equa-
tions in order to quantitatively measure how the per capita growth rates change over time
with respect to population size or density (see [3, 4, 6, 10, 16, 21] for some examples).
In 2002, Boukal & Berec reviewed and classified the variety of existing single-species popu-
lation dynamic models which incorporated a demographic Allee effect [6]. They found that
across all of the models, three possible population outcomes due to the Allee effect occurred.
The first is unconditional extinction in which, if the Allee effect is too strong, populations
inevitably go extinct, regardless of initial population size (see the dashed orange curve in
Figure 1). The second outcome is known as extinction-survival, where two equilibria emerge:
Eu (an unstable equilibria) and Es (a stable equlibria), where Eu < Es. Populations that
start below Eu go extinct, while those starting above Eu move towards equilibria at Es

(see the solid orange curve in Figure 1 where Eu = A and Es = K). The third outcome
is unconditional survival that occurs when all populations, regardless of initial population
size, move towards a stable equilibria Es even though the per capita growth rate at low
sizes is relatively low (see the green curve in Figure 1 where Es = K).

In this paper we investigate the effects of decreased genetic fitness on the Santa Cruz
island fox population in the absence of other population-reducing factors. Unlike the array
of population dynamics models with the Allee effect in the literature, we propose an agent-
based model that simulates the dynamics of the Santa Cruz island fox population in order
to show that the Allee effect is an emergent property of such a system. Agent-based models
(ABMs) are a class of mathematical and computational models in which individuals (or
agents) are unique and autonomous entities that can interact with other individuals and
also with their environment [12, 13, 17, 18]. In Section 2 we present a detailed description
of the model using the Overview, Design Concepts, and Details (ODD) Protocol proposed
by Grimm, et al. [13, 18]. In Section 3 we present evidence that the Allee effect emerges
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from individual fox behavior and resulting population dynamics both with and without the
genetic selection against reproductive success. Finally, in Section 4 we discuss how the
model and results presented here can be utilized and expanded upon.

2 Model

We created an ABM that simulates the dynamics of the Santa Cruz island fox population
over several decades. The model allows for the incorporation a detrimental recessive allele
which lowers reproductive success. Here, we describe the ABM using the ODD Protocol as
described in [13, 17, 18].

2.1 Overview

Purpose This model simulates the population dynamics and population genetics (of a
single gene) of the Santa Cruz island fox population. The model allows for reduced repro-
ductive success in females with a particular recessive allele present in their genome. Using
this model we examine whether the Allee effect is an emergent property of the system, and,
if so, under what specific conditions.

Entities, State Variables, and Scales Each agent in the model is an individual Santa
Cruz island fox. Each fox has state variables for age and the genotype of one gene. Addi-
tionally, female foxes have a variable that represents their current gestational week. Each
patch within the model defines a fox territory (0.74km × 0.74km [9]) with the total size
of the environment being 45 patches × 10 patches, which roughly approximates the size of
Santa Cruz Island [5]. These patches are homogeneous without patch-specific variables (this
is due to foxes being able to create their territories in any habitat [9]). The model’s global
parameters include the initial number of female foxes, the initial number of male foxes, the
natural death rate of foxes (µ), the rate of successful reproduction (r), the proportion de-
crease in fecundity due to a homozygous recessive genotype (s), and the maximum successful
reproductive age of the foxes (a). Additionally, h is the fraction of s such that hs represents
the proportion decrease in reproductive success due to a heterozygous genotype. A single
time step in the system represents one week. We run each simulation for 100 years or until
the population becomes extinct.

Process Overview The model is initialized with a user-defined number of male and
female foxes. Each male and female is assigned a random age below 312 weeks (about
6 years), the average life span of the island fox [9], and distributed semi-randomly across
territories on the island (see Initialization in Section 2.3 for details). During a single time
step, individuals with age greater than 40 weeks (about 10 months, reproductive age [9])
disperse throughout the island, moving towards individuals that are potential mates. If
a suitable mate is within a 2.96 km radius (the length of four patches), a mating pair is
created. Once the mated pair is established, that pair will attempt to reproduce during the
breeding season (weeks 7–11, with week 1 as the first week of January). Mate pairings last
for life, and as long as both foxes in a mated pair are alive and younger than the maximum
reproductive age (a) they will attempt to reproduce during each breeding season. If mating
is successful, the female’s gestational period counter is set to one, indicating a pregnancy.
The gestational period counter is then incremented by one each time step (week) until it
reaches 7. If mating is unsuccessful, the females gestation period will remain at zero. After
the 7-week gestation period is completed, female will birth between 1 and 3 pups. These
pups will be assigned a genotype based on the parental genotypes. Lastly, within each time
step, foxes die off according to the natural death rate, and each individual ages by one week.
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2.2 Design Concepts

Basic Principles The basic principle of this simulation is to demonstrate realistic Santa
Cruz island fox population dynamics in which the presence of a detrimental recessive allele
decreases reproductive success. We attempt to observe the Allee effect as an emergent
property of the system under various levels of percentage decrease in reproductive success
due to a homozygous recessive genotype and heterozygous genotype. We let s ∈ [0, 1]
represent the proportion decrease in reproductive success due to a homozygous recessive
genotype, and let h ∈ [0, 1] represent a proportion of s so that hs represents the proportion
decrease in reproductive success due to a heterozygous genotype. This is based on genetic
bottlenecking that has been observed in many isolated populations.

Emergence When s = 0 and h = 0 (no decrease in reproductive success), and µ = 0.009
(natural death rate) the model exhibits logistic growth reaching carrying capacity after
about 70 to 110 years, depending on the initial number of individuals in the population.
Note, if the natural death rate is increased, the population declines towards extinction. As
the value of s and h are increased, the population takes longer to reach carrying capacity,
and is more likely to go extinct before 100 years. Additionally, as s and h are increased,
the frequency of the recessive allele decreases and approaches 0 over time. The Allee effect
appears as an emergent property of the model (with and without genetically linked decreases
in reproductive success) and is manifest as an increased probability of having a negative
yearly per capita growth rate at low population sizes.

Adaptation As foxes search for mates, the patches around them are defined as possible
destinations and preferred destinations. Possible destinations are patches within a radius of
2.96 km (4 patch lengths) that do not have any other foxes there of the same sex. Preferred
destinations are patches within a radius 2.96 km that include individuals of the opposite
sex above the reproductive age that are currently not part of a mated pair. If a preferred
destination is unavailable, foxes will move to a possible destination. If there are no possible
or preferred destinations available, the foxes will remain on the patch they currently occupy
until preferred or possible destination is available.

Objectives The only objectives of the foxes are to find a mate and reproduce. Their
movement decisions are based on a preference for finding a suitable mate. However, the
criteria for a suitable mate is that they are over reproductive age (> 40 weeks) and they
currently do not have a mate. The genotype of possible mates are not considered in criteria
for a suitable mate.

Learning The foxes have no learning capacity in this model.

Prediction The foxes have no predictive capacity in this model.

Sensing Foxes can sense the age, gender, and mated-status of the foxes within a 2.96 km
radius (4 patch lengths) of themselves in order to determine proper movement and mating.
Also, individuals sense whether breeding season is occurring.

Interaction There are interactions between male and female foxes in establishing a mating
pair and a territory within the same patch (see the Dispersal submodel in Section 2.3 for
details). Additionally, direct interaction occurs within mated pairs during the breeding
season (see the Breeding Season submodel in Section 2.3 for details).

Stochasticity Within this system, there are many processes that depend on randomly
generated probabilities. Each mated pair’s attempt at reproducing is successful with a
probability of r for females with a homozygous dominant genotype, r(1−s) for females with
a homozygous recessive genotype, r(1− hs) for females with a heterozygous genotype. The
genotypes of the initial population are assigned randomly, and the genotypes of offspring are
determined by standard Mendelian genetics (see the Set Alleles submodel in Section 2.3 for
details). The number of offspring born to any pregnant female is stochastic with a 55.8%
chance of producing 1 offspring, a 35.6% chance of producing 2 offspring, and an 8.6%
change of producing 3 offspring [9]. The sex of each new offspring is randomly chosen with
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equal probability of being male or being female. Individuals die at each time step with a
probability of µ.

Collectives The collectives of this model include mated pairs within their territories.
Once offspring are generated, the pups remain on their natal territory until they are able to
establish their own territory. If population densities are high, it is possible some offspring
stay in their natal territories their entire lives. In this situation, there are individuals in
the population who may never have the opportunity to breed, as only one breeding pair is
allowed per territory (patch).

Observation At each time step (each week), we record the population size (by gender and
total population) and the population age distribution. The number of offspring produced
from each birth is recorded after each birth. Each year the genotype frequencies are recorded
on week 25 (the last week new litters for the year will be birthed). We also record the
per capita growth rate and the yearly per capita growth rate of the fox population. The
population size for the growth rates is also taken at week 25 of each year. Observations
were made over 100 simulations (per parameter set) in order to see how the stochasticity of
the model affects results.

2.3 Details

Initialization The model is initialized with the population of foxes defined by the user.
Females are placed randomly in territories, and males of breeding age are placed in territories
with females of breeding age, if any exist. The user also defines the natural death rate (µ),
and the percent decrease in fecundity due to a homozygous recessive and heterozygous
genotypes (s and h). The baseline successful reproductive rate (r) is 0.61, and the maximum
successful reproductive age (a) is 4 years (208 weeks) [9].

Submodels The various submodels of the ABM are described here in detail.

Dispersal When an unmated individual reaches reproductive age (40 weeks), it will
disperse in order to establish its own territory and find a mate. An unmated individual
of reproductive age will move once within each time step (if there are available patches)
until it finds a mate, at which point it will remain on its current patch and establish a
territory. This remains the territory of the mated pair until one of the individuals in the
pair dies. It is assumed foxes can sense the age and sex of foxes within a 2.96 km radius
(4 patch lengths) of themselves, and will define patches as either possible destinations or
preferred destinations. A possible destination is any patch without another fox of the same
sex of reproductive age already occupying that patch. A preferred destination is a patch
that contains at least one fox of the opposite sex of reproductive age who currently does
not have a mate. If preferred destinations exist, a fox will randomly move to one of the
preferred destinations. If no preferred destinations exist, a dispersing fox will move to a
possible destination if it exists, but otherwise it will remain in its current patch.

Set Alleles Each individual has a genotype containing two alleles. Each allele can be
either dominant or recessive. When individuals are born, one of their alleles is determined
by randomly choosing one of its mother’s alleles, while the second is determined by randomly
choosing one of its father’s alleles. Individuals with two dominant alleles have a homozygous
dominant genotype. Individuals with two recessive alleles have a homozygous recessive
genotype. Individuals with one dominant and one recessive allele have a heterozygous
genotype.

Breeding Season The breeding season is from weeks 7 to 11, where week 1 is the first
week of January [20]. A mated pair will attempt to procreate once every time step (each
week) during the breeding season, unless the female in the mated pair is already pregnant.
The chance of successful reproduction per attempt is r if the female in the mated pair is
homozygous dominant, r(1− s) is the female is homozygous recessive, and r(1− hs) is the
female is heterozygous.
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Gestation Once a mating is successful, the gestation week of the female is set to one
and increases by one with each week that passes. When the gestation week reaches 7, the
female will give birth [20].

Birth After the gestation week of a female reaches 7, the female gives birth. The
number of offspring born is randomly chosen with a 55.8% chance of producing 1 offspring,
a 35.6% chance of producing 2 offspring, and a 8.6% change of producing 3 offspring [9].
The age of each offspring is set to zero, the genotype of each offspring is determined by the
Set Alleles submodel, and the sex of each offspring is chosen randomly with a 50% of being
female.

Death At each time step, each individual has a probability µ of dying. Death removes
mating links, allowing for those with deceased partners to disperse and mate again.

3 Results

In the following sets of results we start simulations with either 20, 30, or 50 foxes each
with a 1:1 sex ratio. These initial population sizes where chosen to demonstrate population
sizes which results in low, medium, and high probabilities of extinction when s = h = 0.
For each initial population size, 100 ABM simulations (with s = h = 0) were run stopping
either at 150 years or when the population went extinct, whichever came sooner. In the
simulations beginning with 20 foxes, 91% resulted in extinction before 150 years. In the

Figure 2: This graph shows the growth in the fox population over time when the initial populations are
at 20 individuals (green), 30 individuals (red), and 50 individuals (blue).

simulations beginning with 30 foxes, 69% resulted in extinction before 150 years. Lastly, in
the simulations beginning with 50 foxes, 28% of the simulations resulted in extinction before
150 years. In the simulations when the population did not go extinct before 100 years, but
instead increased overtime, the population appeared to grow logistically eventually reaching
a carrying capacity of around 1500 foxes.

Figure 2 shows the population size over time (Pt) in three different simulations where the
population eventually reached carrying capacity (≈ 1500) starting with population sizes of
P0 = 20 (green), P0 = 30 (red), and P0 = 50 (blue). Note, when the initial populations are
at lower values, 20 and 30 foxes (green and red curves, respectively), it takes the population
longer to reach carrying capacity than it does when the initial population is higher (50 in-
dividuals). Due to the model’s stochasticity, it actually takes the simulation starting with
20 foxes longer to reach carrying capacity than the population starting with 30 individuals.
However, over many simulations, on average it will take populations starting with 20 foxes
longer to reach carrying capacity than populations starting with 30 foxes.

To determine the effect of initial population size on the growth rate of the population,
we ran 100 simulations (with s = h = 0) for initial population sizes of 20, 30, and 50 foxes
each with 1:1 sex ratios in the initial population. Each year at week 25 we recorded the
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(a) Yearly per capita growth rate plotted against
population size.

(b) Percent of sampled yearly per capita growth
rates which are negative.

(c) Range of sampled yearly per capita growth
rates. Shaded regions indicate the interquar-
tile range, white lines show the median value,
and the numbers above each column indicate the
number of sample points in that column.

Figure 3: Initial population sizes are 20 foxes (green), 30 foxes (red), and 50 foxes (blue), with s = 0
and h = 0. All population size samples taken at week 25 each year of the simulation. Simulations lasted
150 years or until the population went extinct, whichever came first.

population size and calculated the yearly per capita growth rate as

Pt − Pt−1

Pt−1
,

where Pt is the population size in year t. Then sample points
(
Pt,

Pt−Pt−1

Pt−1

)
for each

yearly sample for each of the 100 simulations for each initial population size were plotted
(see Figure 3a where initial populations sizes are P0 = 20 (green), P0 = 30 (red), and
P0 = 50 (blue)). Note that when the population size is low (Pt < 100 foxes), many of the
sampled yearly per capita growth rates are negative and the range of sampled yearly per
capita growth rates is large. However, as the population size increases we see both the range
of sampled yearly per capita growth rates and the proportion of sampled yearly per capita
growth rates which are negative decrease until the population size nears carrying capacity
(Pt ≥ 1400). Notice that for population sizes 500 ≤ Pt ≤ 1400 the sampled yearly per capita
growth rates are highly likely to be positive showing that populations in this size range are
most likely growing from year to year.

Figure 3b highlights this trend showing the proportion of the yearly per capita growth
rates which are negative for four different population size categories: Pt < 100, 100 ≤ Pt <
500, 500 ≤ Pt < 1400, and Pt ≥ 1400. The bars are colored according to initial population
size: 20 foxes (green), 30 foxes (red), and 50 foxes (blue). When comparing the proportion
of negative yearly per capita growth rates of the initial population sizes and Pt < 100, a
two-sample proportion test showed that a statistically significant difference occurred with
the increase of the initial population from 20 to 30 foxes (p = 0.003), but not when the
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initial population changed from 30 to 50 foxes (p = 0.88). However, the difference in the
proportions of negative yearly per capita growth rates between small populations (Pt < 100)
and larger populations (100 ≤ Pt < 500) was statistically significant for all initial population
sizes (p < 0.0001).

(a) Yearly per capita growth rate plotted against
population size.

(b) Percent of sampled yearly per capita growth
rates which are negative.

(c) Range of sampled yearly per capita growth
rates. Shaded regions indicate the interquar-
tile range, white lines show the median value,
and the numbers above each column indicate the
number of sample points in that column.

Figure 4: Initial population size is 50 foxes, with s = 0 (blue), s = 0.5 (red), and s = 0.9 (green), and
h = 0. All population size samples taken at week 25 each year of the simulation. Simulations lasted 150
years or until the population went extinct, whichever came first.

While Figure 3b shows the probability of negative yearly growth rates, Figure 3c shows
the range of yearly per capita growth rates, and the number of samples within each of the
four population size categories for P0 = 20 (green), P0 = 30 (red), and P0 = 50 (blue). Note
the colored shaded regions show the interquartile range of the sampled growth rates, the
white lines indicate the median value, and the number above each column gives the number
of sample points within that column. Recall for simulations with P0 = 20, 91% resulted in
extinction by 150 years. Thus, there are fewer sample points for larger populations sizes
Pt ≥ 100, than for simulations with P0 = 30 and P0 = 50.

It is hypothesized that if a genotype reduces fitness, it can negatively affect the per capita
growth rate of the population. In our model a detrimental recessive allele reduces individual
reproductive success. To determine what effect the presence of the recessive allele has on
the population dynamics and yearly per capita growth rates, we ran 100 simulations for
each of the following parameter scenarios: (1) s = 0, h = 0, (2) s = 0.5, h = 0, (3) s = 0.5,
h = 0.5, (4) s = 0.5, h = 1, (5) s = 0.9, h = 0. Each scenario used an initial population
of 50 foxes and was simulated for 150 years or until the population went extinct, whichever
came first.

The graphs in Figure 4 are similar to those in Figure 3 except the colors correspond to
parameter scenarios (1) s = 0, h = 0 (blue), (2) s = 0.5, h = 0 (red), and (5) s = 0.9,
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h = 0 (green). Figure 4a shows trends similar to those in Figure 3a. Figure 4b shows the
percentage of sampled yearly per capita growth rates which are negative for four different
population size categories: Pt < 100, 100 ≤ Pt < 500, 500 ≤ Pt < 1400, and Pt ≥ 1400.
Notice for low populations sizes (Pt < 100) increasing the value of s correlates to increasing
the probability having a negative yearly growth rate, however this trend does not exist in
the larger population sizes (Pt ≥ 100). A two-sample proportion test showed a statistically
significant difference in the proportion of negative yearly per capita growth rates in small
populations (Pt < 100) when increasing s from 0 to 0.5 (p < 0.0001), and for increasing
s from 0.5 to 0.9, though with less confidence (p = 0.02). Additionally, a two-sample
proportion test was used to determine that the difference in the proportions of negative
yearly per capita growth rates between small populations (Pt < 100) and larger populations
(100 ≤ Pt < 500) for all simulated values of s were statistically significant (p < 0.0001).

(a) Yearly per capita growth rate plotted against
population size.

(b) Percent of sampled yearly per capita growth
rates which are negative.

(c) Range of sampled yearly per capita growth
rates. Shaded regions indicate the interquar-
tile range, white lines show the median value,
and the numbers above each column indicate the
number of sample points in that column.

Figure 5: Initial population size is 50 foxes with s = 0.5, h = 0 (blue), h = 0.5 (red), and h = 1 (green).
All population size samples taken at week 25 each year of the simulation. Simulations lasted 150 years or
until the population went extinct, whichever came first.

Figure 4c is a density plot showing the range of yearly per capita growth rates over
all simulations with parameter sets (1) s = 0, h = 0 (blue), (2) s = 0.5, h = 0 (red), and
(5) s = 0.9, h = 0 (green). Note changing the value of s has little effect on the range of yearly
per capita growth rates, except for small population sizes (Pt < 100). However, the number
of points contributing to each the population size category decreases as s is increased. This
is due to the fact that when s = 0 a high number of simulations reach carrying capacity
(Pt ≥ 1400). As s increases, the number of simulations where the population reaches
carrying capacity declines.

The graphs in Figure 5 are similar to those in Figure 4 except the colors correspond to
parameter scenarios (2) s = 0.5, h = 0 (blue), (3) s = 0.5, h = 0.5 (red), and (4) s = 0.5,
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h = 1 (green). Notice Figure 5a shows trends similar to those in Figures 3a and 4a, except
that the green data (s = 0.5 and h = 1) is virtually non-existent for population sizes over 100.
This is because of the 100 simulations with s = 0.5 and h = 1, only two simulations had
a population which grew to reach carrying capacity. This can be seen more directly in
Figure 5c which shows only 60 data points for the Pt ≥ 1400 category when h = 1 (green).
These 60 data points correspond to samples over 6 years in one simulation and over 54 years
in the second simulation.

Figure 5b shows the percentage of sampled yearly per capita growth rates which are
negative for the four different population size categories. Notice, similar to Figure 4b,
for low population sizes (Pt < 100) increasing the value of h correlates to increasing the
probability of having a negative yearly growth rate, however this trend does not exist for
larger population sizes (Pt ≥ 100). A two-sample proportion test was used to determine that
the difference in the proportions of negative yearly per capita growth rates between small
populations (Pt < 100) and larger populations (100 ≤ Pt < 500) for all simulated values
of h were statistically significant (p < 0.0001). Additionally, a two-sample proportion test
showed that there was a statistically significant difference in the proportion of the negative
yearly per capita growth rates in small populations (Pt < 100) when increasing h from 0 to
0.5 (p = 0.02) and from 0.5 to 1 (p = 0.002).

In Figures 3b, 4b, and 5b we see evidence of the Allee effect in the increased probability
of having a negative yearly per capita growth rate at low population sizes (Pt < 100). Fur-
thermore, when we compare Figure 5b to Figure 4b (in which the value of s was varied),
we see that non-zero values of h appear to cause a higher probability of a having a negative
growth rate in small populations (Pt < 100) than h = 0 with non-zero values of s. In Ta-
ble 1 we examine percentage of samples of yearly per capita growth rates which are negative
for Pt < 100 for different initial population sizes and different genetic effects on individual
fitness (i.e. reduction in reproductive success). Note that for each initial population size,
the percentage of samples of yearly per capita growth rates which are negative increase as
we increase the number of genotypes which would experience reduced fitness from no geno-
types causing a reduction in reproductive success (s = 0 and h = 0), to only homozygous
recessive genotypes causing reduced reproductive success (s = 0.5 and h = 0), and finally
to homozygous recessive and heterozygous genotypes causing reduced reproductive success
(s = 0.5 and h = 0.5). A two-sample proportion test confirmed that for initial population
sizes of 30 and 50 foxes the percentage of negative yearly per capita growth rates found in
Table 1 showed a statistically significant increase when more genotypes cause diminished
reproductive success. Specifically, when only homozygous recessive genotypes cause reduced
reproductive success, both initial population sizes showed a statistically significant increase
in negative yearly per capita growth rates (P0 = 30, p = 0.01; P0 = 50, p < 0.0001) when
compared to no genotypes causing reduced reproductive success. Additionally, when both
homozygous recessive and heterozygous genotypes cause reduced reproductive success, both
initial populations showed statistically significant increases in negative yearly per capita

Table 1: Percentage of samples with negative yearly per capita growth rates for Pt < 100 with no genotypes
cause a reduction in reproductive success (s = 0 and h = 0), only homozygous recessive genotypes causing
reduced reproductive success (s = 0.5 and h = 0), and homozygous recessive and heterozygous genotypes
causing reduced reproductive success (s = 0.5 and h = 0.5).

P0 = 20 P0 = 30 P0 = 50

No Genotypes 52.5 48.9 48.7

Homozygous Recessive Only 53.5 52.0 52.9

Homozygous Recessive + Heterozygous 55.1 56.6 55.5

– 106 –



Letters in Biomathematics

growth rates (P0 = 30, p < 0.0001; P0 = 50, p = 0.02) when compared to only homozy-
gous recessive genotypes causing reduced reproductive success. For simulations beginning
with 20 foxes, a two-sample proportion test showed the percentage of yearly per capita
growth rates in Table 1 showed no statistically significant increase when more genotypes
cause diminished reproductive success. Specifically, there was no significant increase in the
percentage of yearly per capita growth rates when only homozygous recessive genotypes
caused reduced reproductive success (p = 0.46) when compared to no genotypes causing
reduced reproductive success, and when both homozygous recessive and heterozygous geno-
types caused reduced reproductive success (p = 0.28) when compare to only homozygous
recessive genotypes causing reduced reproductive success, and (p = 0.07) when compared
to no genotypes causing reduced reproductive success.

Table 2: Mean of negative yearly per capita growth rates for Pt < 100 with no genotypes cause a reduction
in reproductive success (s = 0 and h = 0), only homozygous recessive genotypes causing reduced reproduc-
tive success (s = 0.5 and h = 0), and homozygous recessive and heterozygous genotypes causing reduced
reproductive success (s = 0.5 and h = 0.5).

P0 = 20 P0 = 30 P0 = 50

No Genotypes −0.223 −0.180 −0.129

Homozygous Recessive Only −0.226 −0.215 −0.160

Homozygous Recessive + Heterozygous −0.250 −0.237 −0.182

Table 2 displays the average yearly per capita growth rate for all negative rates and for
each initial population size. An increase in the magnitude of negative yearly per capita
growth rates corresponds to a stronger Allee effect, as graphically displayed in Figure 1.
After performing a series of two-sample t-tests, all mean negative yearly per capita growth
rate reductions found in Table 2 are significant for each initial population size (p < 0.0001),
with the exception of the decrease from no genotypes effected to the homozygous recessive
genotype for P0 = 20 (p = 0.66). For small initial population sizes (P0 = 20), a lesser
change in effect is expected due to the large percentage of populations that quickly become
extinct.

4 Conclusions

The purpose of this model was to determine whether the island fox population displays the
Allee effect, in which low population density is directly correlated to low fitness levels in
either the population (demographic) or individuals (component), as well as to see whether
the presence of a detrimental allele could induce or exacerbate the Allee effect. When we left
the population unaffected by a detrimental recessive allele (s = 0), the population exhibited
the expected logistic growth with an Allee effect a low population levels as evident by the
increased probability of having a negative yearly per capita growth rate at low population
sizes (less than 100 individuals). When both the homozygous recessive and heterozygous
genotypes reduce reproductive success, the probability of having a negative yearly per capita
growth rate at low population sizes increases. When only the homozygous recessive genotype
reduced reproductive success, there was evidence that the probability of having a negative
yearly per capita growth rate at low population sizes increased; thus, this alone did not
exacerbate the Allee effect. However, simulations where only the homozygous recessive
genotype reduced reproductive success were more likely to go extinct before 100 years, and
the likelihood increased when heterozygous genotypes also reduced reproductive success.

The results from this agent-based model can be compared to those from both discrete
and continuous-time models. In [6], Boukal & Berec show the typical curves of the per
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capita growth rate as a function of population size for both discrete-time and continuous-
time singles-species models which incorporate an Allee effect. We show a similar graph
in Figure 1. The Allee effect in these graphs is shown as negative or small positive per
capita growth rates for small population sizes. The per capita growth rate increases with
population size until the population size nears carrying capacity. When we compare the
results from our model with the trends presented by Boukal & Berec, we see that our model
does match this pattern (see Figures 3a, 4a, and 5a). However, since our model is stochastic
and individual-based, the yearly per capita growth rate does have some probability of being
positive, even at low population sizes. Thus, in our model the Allee effect manifests itself
as a higher probability of having a negative year per capita growth rate at small population
sizes. In population sizes between 100 and 1400, there is a much higher probability (roughly
75–97%) that the year per capita growth rate is positive. Thus, the population is more
likely to continue growing to carrying capacity if it can a size greater than 100 foxes. The
median yearly per capita growth rate drops to nearly zero when the population size nears
carrying capacity.

This research demonstrates that an Allee effect could have hindered the re-establishment
of the island fox population on Santa Cruz island after their precipitous decline in the
early 1990s. Additionally, if a mutation was introduced into the genome of the population
at some point preceding the population decline, this could have contributed to the extreme
decline in the population once predation, competition, and disease worked in combination
to initially lower the population size. More importantly, our research shows even if there is a
detrimental allele present, it is possible to get the fox population back to carrying capacity if
the population can be brought up to around 100 foxes (for example, through augmentation
or captive breeding), after which it is more likely that yearly per capita growth rates will
be positive.
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